Doubly charged scalars are part of the spectrum of various Beyond-the-Standard-Model scenarios, from mechanisms for the generation of the neutrino masses to the Left-Right models. Direct searches in the pair production channel have been performed at the LHC, setting bounds on the mass of the particle. Future linear colliders will have a great potential to test the direct production of this particle as well as its couplings to the charged leptons. Moreover, as this particle allows for lepton flavour violation, complementary bounds are also provided by low energy measurements.
Introduction
Doubly charged scalars (DCSs) are hypothetical Beyond-the Standard-Model (BSM) particles with a long history in literature. They first appeared in the context of Left-Right models [1] [2] [3] . They are also present in many BSM extensions for low-energy observables [4] [5] [6] [7] and in BSM scenarios motivated by mechanisms for the neutrino mass generation [8] [9] [10] [11] [12] [13] [14] . In the following we will consider a minimal scenario obtained by adding to the SM field content only a SU(2) L -singlet DCS that couples to the right-handed fermions of the lepton sector
where a and b are flavour indices and λ ab is a complex coupling matrix in the flavour space. The scalar potential introduces also a coupling to the Higgs sector, controlled by λ 2 , and a quartic selfinteraction of the DCS, controlled by the parameter λ 4 . As no specific assumption on the origin of m S is made, λ 2 and the DCS mass m S are understood to be unconstrained by the electroweaksymmetry-breaking mechanism. Any further form of new physics contributing to the value of m S and of the DCS width Γ S is intended to be represented by the ellipsis. The phenomenology of the DCS in the Higgs sector can be completely separated from the the phenomenology in the leptonic sector, by means of the independent parameter λ 2 . In the following the focus will be on the effects of the DCS in the leptonic sector. In particular, some of the phenomenological results presented in [15] will be reviewed. The DCS described by Eq. 1.1 breaks explicitly the lepton number and the lepton flavour conservation. Therefore, its phenomenology is strongly connected with the measurements of charged LFV processes at low-energy facilities. The current experimental limits are reported in Table 1 . DCSs contribute at tree level to three-body decays of charged leptons: the limits on the branching ratios for such decays are listed in the left column of the table. Moreover, DCSs contribute to LFV decays at the one-loop level: the limits of these processes are given in the right column of the table, together with the limit on µ → e conversion. The latter receives contributions from the DCS through the effective operators involving quarks generated by the QED renormalization group evolution. Finally, the DCS also generates muonium-antimuonium oscillations at tree level, whose experimental bound is P(M − M) = 8.3 × 10 −11 /S B , with S B = 0.35 in case of interactions consisting of right-handed currents [16] . For most of the processes mentioned above there are planned experiments that are going to increase the sensitivity by one or more orders of magnitude [17] [18] [19] [20] .
Direct searches at the LHC
ATLAS and CMS have performed dedicated searches of the DCS with the 7 TeV and the 13 TeV LHC data sets [26] [27] [28] [29] . The ATLAS search [28] has been performed with 36.1 fb −1 of integrated luminosity at 13 TeV and distinguishes between two cases: a DCS coupling to left-handed leptons and a DCS coupling to right-handed leptons. The expected signature is two pairs of same-sign leptons at high invariant mass, produced by the decay of a DCS pair. Lower bounds on the mass of the DCS have been set, ranging from 320 GeV to 870 GeV depending on the left/right case and on the assumptions on the decay modes of the DCS. Similar lower limits on the DCS mass have been set by the CMS search [29] , performed with 12.9 fb −1 of integrated luminosity of the 13 TeV data set. This search focuses on a DCS that appears as a component of a SU (2) L triplet. Therefore, it is associated to a singly charged scalar and a neutral scalar, belonging to the same multiplet. The analysis considers both the DCS pair production and the associated production of a DCS and a singly charged scalar, analysing the two channels separately and in combination. These experimental results have been obtained in the hypothesis of a narrow DCS width and considering only quark-initiated (Drell-Yan) production topologies. In Ref. [15] a recasting of the CMS search [29] at 13 TeV has been performed, including also photon-initiated topologies beside the Drell-Yan topologies, and studying the effects of a large width. Examples of representative topologies are shown in Figure 1 . In Figure. 2 the exclusion and discovery reaches are reported for different values of the mass of the DCS and different luminosities, up to 3000 fb −1 expected in the high-luminosity phase of the LHC. The significance Σ ≡ S/ S + B + (∆B) 2 is set to Σ = 2 for the exclusion and Σ = 5 for the discovery reach. In order to show the width effect the curves relative to the two illustrative cases Γ S /m S = 0.01%, 20% are reported. The three panels correspond to the Drell-Yan channel→ e + e + e − e − , the photon-initiated channel γγ → e + e + e − e − and the whole process pp → e + e + e − e − .
Perspectives at future leptonic colliders
Future electron-positron colliders will have a great potential to probe the leptonic sector of BSM models. In particular, advanced operational stages of the International Linear Collider (ILC) [30, 31] and the Compact Linear Collider (CLIC) [32, 33] can play a central role both in indirect and direct searches, superseeding the production threshold limits set by the high-luminosity phase of the LHC. In Table 2 the centre-of-mass energies and integrated luminosities expected at ILC and CLIC are reported, according to the ILC Technical Design Report [30] and the CLIC Conceptual Design Report [32] .
In this section we review some phenomenological results, presented in Ref. [15] , on the discovery potential of these future prototypes in the context of the DCS described by Eq. 1.1. The numerical simulations have been performed with CalcHEP [34] , that provides options to automatically take into account the Initial State Radiation and the Beamstrahlung effects, determined by the
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Searches for a doubly charged scalar at LHC and future colliders Margherita Ghezzi narrow-width approximation finite width quark-initiated photon-initiated beam parameters as given in the ILC Technical Design Report and in the CLIC Conceptual Design Report. Moreover, standard acceptance cuts for a linear collider have been applied to the final-state charged leptons:
where E are the energies of the charged leptons ( = e ± , µ ± , τ ± ) and θ are their angles with respect to the beam direction.
Searches for a doubly charged scalar at LHC and future colliders Figure 3 : Feynman diagrams representing: (a) DCS exchange via t-channel in e + e − → + − processes; (b) contributions to single DCS production at e + e − colliders.
The charged lepton pair production at e + e − colliders can be sensitive to the couplings λ 1 j of the DCS to the charged leptons. In this kind of process a DCS is exchanged in the t-channel, enhancing the cross section compared to the SM. The corresponding Feynman diagram is depicted in Figure 3a . Interestingly, when the produced charged leptons have the same flavour, these processes are sensitive to single couplings and give direct bounds on λ 11 , λ 12 or λ 13 , complementary to the low-energy bounds, which always constrain a combination of couplings.
In Figure 4 the significance contours for discovery are shown as functions of the mass and the coupling of the DCS involved in the process, both for the ILC and the CLIC, for a muon pair production. As the DCS Eq.1.1 only couples to right-handed leptons, the polarization of the collider beams produces an enhancement of the cross section and consequentely an improvement of the sensitivity. The ILC is designed with the option to polarize the electron beam up to P e − = ±80% and the positron beam up to P e + = ∓30% [30] , while the CLIC will have the option to polarize the electron beam up to P e − = ±80% [32] . To complete the picture, the actual sensitivity of low-energy experiments has to be included in the previous analysis. A combined upper limit on the product λ 11 λ 12 can be extracted from the measurement of the µ → 3e decay (under the assumption that the other λ i j couplings do not lie in corners of the parameter space where important cancellation effects take place). The current limit is set to BR≤ 10 −12 by the SINDRUM experiment [21] and is expected to be improved by several orders of magnitude by the Mu3e experiment (BR≤ 5 · 10 −15 in the Phase I) [35, 36] . Instead, the e + e − colliders could explore λ 11 and λ 12 independently. The combined analysis is shown in Figure 5 , which highlights the strong complementarity between the low-and high-energy investigations.
The leptonic colliders offer the opportunity to explore a new production channel that is absent at the LHC: the on-shell production of a SU(2)-singlet DCS. The production proceeds via boson fusion and via radiation of the DCS from initial or final leptonic states, in association with two same-sign uncorrelated leptons, when the collider energy is compatible with the mass of the particle. Examples of diagrams are reported in Figure 3b .
In Figure 6 the normalised invariant mass distributions of the electron pairs are displayed for different values of the mass m S and Γ S /m S = 5%, 10% at the stage 3 of CLIC with 3 ab −1 luminosity and unpolarised electron beam. They are accompanied by the total cross sections, that can be rescaled to account for different values of λ 11 . Notice that above the pair-production threshold this production mode dominates and most of the production events contribute to the peak. On the contrary, below the pair-production threshold a shoulder appears beside the peak, in the region of lower invariant masses. Contributions come mainly from the uncorrelated leptons associated to the lepton pair produced by the decay of the DCS, with a subleading contribution from topologies that acquire importance when the DCS is considerably off-shell. 
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